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Abstract. We investigate higher cumulants of the sigma field as the chiral order parameter at the QCD
phase transition. We derive a thermodynamic expression for the skewness and kurtosis from susceptibilities
and use these to determine Sσ and κσ2 for the sigma field in equilibrium. In a next step, we study the
behavior of these cumulants in both an equilibrated static medium and an expanding medium resembling
the hydrodynamic stage of a heavy-ion collision. For the latter one, we find a significant broadening of the
critical region.
PACS. PACS-key discribing text of that key – PACS-key discribing text of that key
1 Introduction
Under extreme conditions, such as large temperatures and
densities, a new phase of strongly-interacting matter exists
which is characterized by the restoration of chiral symme-
try and the deconfinement of color charges. Evidence for
such a quark-gluon plasma (QGP) has been drawn from
results at ultrarelativistic heavy-ion collision at RHIC and
LHC. The transition from a hadronic medium to a QGP
has been discovered by lattice QCD to be an analytic
crossover rather than a phase transition [1, 2, 3, 4]. This,
however, is true only for the case of vanishing or small
baryochemical potential µB, as the fermionic sign problem
complicates standard lattice QCD methods for large den-
sities. In this regime, new methods have to be developed
such as a systematical Taylor expansion of the pressure in
terms of µB/T [5, 6, 7]. From this, the existence of a QCD
critical point has been ruled out up to values of µB/T . 1.
Applying functional methods, a critical point (CP) and
first-order phase transition in the regime of large µB have
been predicted [8, 9]. In this approach which does not
suffer from the limitations of lattice QCD, the authors
have studied a coupled set of Dyson-Schwinger equations
for the dressed quark and gluon propagators.
Experimentally, physicists hope to detect signals of a
CP in heavy-ion collisions. Here, especially fluctuations of
Send offprint requests to:
conserved charges are of interest and have been reported in
the beam-energy scan program of RHIC [10, 11]. The mea-
sured data of the net-proton skewness and especially the
kurtosis significantly deviates from baseline calculations
with UrQMD or a hadron resonance gas model. However,
great care is required to properly interpret the data. On
the one hand, nonmonotonic behavior in susceptibilities
and higher-order cumulants is expected near a CP where
the correlation length diverges [12, 13, 14, 15, 16, 17, 18,
19, 20], on the other hand, these predictions rely on an
equilibrated medium and neglect effects of the highly dy-
namical environment created in a heavy-ion collision.
In nonequilibrium, a finite equilibration time has to
be taken into account. Especially in the vicinity of a CP
where its growth is proportional to a certain power of the
correlation length determined by the dynamical universal-
ity class [21], critical slowing down severly limits the diver-
gence of fluctuations. This has been studied phenomeno-
logically in [22], where two important consequences have
been found. First, the correlation length grows only up
to values of 1.5 − 2 fm, and second, the system remains
correlated longer than it would in equilibrium. The lat-
ter is often called a memory effect. Its importance has
been emphasized in [23], where the real-time evolution of
non-Gaussian cumulants in a homogeneously expanding
medium has been studied, showing a significant depen-
dence on the thermalization time. This model, however,
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Fig. 1. Kurtosis of the chiral order parameter for different
values of µ/T .
oversimplifies the situation found in experiment by nei-
ther taking into account a realistically expanding medium
nor the proper interplay of fluctuations in the chiral order
parameter with the surrounding heat bath.
In the work presented here, we use the model of nonequi-
librium chiral fluid dynamics (NχFD) to address the prob-
lem of the evolution of the chiral order parameter and its
cumulants in a realistic setup. The sigma field as the chiral
order parameter is explicitly propagated using a Langevin
equation, taking into account its interaction with a fermi-
onic heat bath to describe the fluid dynamical expansion
of the hot and dense medium [24]. We have demonstrated
previously that this model captures essential features of
the QCD chiral phase transition such as critical slowing
down near a CP and spinodal decomposition for a first-
order phase transition scenario [25, 26, 27, 28]. The latter
one has also been investigated [29, 30, 31, 32, 33]. We
were furthermore able to show how the net-proton kur-
tosis closely follows the kurtosis of the sigma field during
a crossover transition [34] left of the CP where a nega-
tive kurtosis of the sigma field is expected to yield a sup-
pressed net-baryon and net-proton kurtosis [35]. We now
focus on the evolution of the second, third, and fourth cu-
mulant of the sigma field along hypersurfaces of constant
energy density. We study their evolution in an isothermal
box with linearly decreasing temperature and in a real-
istically expanding fluid. For both scenarios we compare
the dynamically extracted cumulants to the correspond-
ing temperature and chemical potential dependent quan-
tities that are obtained from susceptibilities. Our results
are especially interesting for experiments at the upcoming
facilities of FAIR [36] and NICA [37], or RHIC’s BES II
program.
Before presenting the numerical results, we give a gen-
eral derivation of the higher order cumulants of a scalar
field in Sec. 2. That allows us to calculate the thermody-
namic expectation values for these quantities. The results
are then applied for illustrative purposes to a quark-meson
model in Sec. 3. We continue with a description of the
NχFD model in Sec. 4, followed by results of the calcu-
lations in a box and an expanding fluid in Secs. 5 and 6.
We summarize our observations and give a brief outlook
in Sec. 7.
2 Evaluation of sigma fluctuations
Our goal is to determine higher order cumulants of the
sigma field in an effective model using derivatives of the ef-
fective potential. These quantities were identified as influ-
encing experimental observables stemming from the crit-
ical region of the QCD phase diagram such as the net-
proton fluctuations [35].
We start with the generating functional for connected
diagrams in Euclidean space-time:
W [J ] = − logZ[J ] (1)
for a scalar field φ with source J and generating functional
Z[J ] =
∫
Dφe−SE−
∫
Jφ , (2)
where SE denotes the action in Euclidean space-time, SE =∫ 1/T
0
dτ
∫
d3xLE(x, τ). We obtain the expectation value of
φ in the standard fashion as
〈φ(x)〉 = δW [J ]
δJ(x)
∣∣∣∣
J=0
= − 1
Z
δZ
δJ(x)
∣∣∣∣
J=0
=
1
Z
∫
Dφφ(x)e−SE . (3)
Next, we determine higher derivatives of W [J ] as n-point
functions. Starting with the second order, we get
δ2W
δJ(x1)δJ(x2)
=
δ
δJ(x2)
[
− 1
Z
δZ
δJ(x2)
]
=
1
Z2
δZ
δJ(x1)
δZ
δJ(x2)
− 1
Z
δ2Z
δJ(x1)δJ(x2)
=− 〈φ(x1)φ(x2)〉+ 〈φ(x1)〉〈φ(x2)〉 . (4)
For x1 = x2 = x and with φ− 〈φ〉 = δφ this gives us
δ2W
δ2J(x)
∣∣∣∣
J=0
= −〈δφ2〉 . (5)
We continue now with higher derivatives. To third order
we end up with
δ3W
δJ(x1)δJ(x2)δJ(x3)
=− 2
Z3
δZ
δJ(x1)
δZ
δJ(x2)
δZ
δJ(x3)
+
1
Z2
δZ
δJ(x3)
δ2Z
δJ(x1)δJ(x2)
+
1
Z2
δZ
δJ(x1)
δ2Z
δJ(x2)δJ(x3)
+
1
Z2
δZ
δJ(x2)
δ2Z
δJ(x1)δJ(x3)
− 1
Z
δ3Z
δJ(x1)δJ(x2)δJ(x3)
, (6)
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and
δ3W
δ3J(x)
∣∣∣∣
J=0
= 2〈φ〉3 − 3〈φ〉〈φ2〉+ 〈φ3〉 = 〈δφ3〉 . (7)
To determine the kurtosis, we need to go one more step
and finally obtain
δ4W
δ4J(x)
∣∣∣∣
J=0
=− 〈φ4〉 − 12〈φ〉2〈φ2〉+ 4〈φ〉〈φ3〉
+ 3〈φ2〉2 + 6〈φ〉4
=− [〈δφ4〉 − 3〈δφ2〉2] , (8)
which resembles the negative kurtosis −κ〈δφ2〉 of fluctu-
ations in the field φ.
Our next goal is to express the moments in terms of
derivatives of the one-particle (1PI) irreducible effective
action with respect to the (classical) field φ. It is defined
as the Legendre transformation of the functional W [J ]:
Γ [φ] = W [J ]−
∫
Jφ . (9)
The derivative with respect to the classical field then yields
the source J :
δΓ [φ]
δφ(x)
= −J(x) . (10)
We now evaluate∫
d4z
δ2W
δJ(x1)δJ(z)
δ2Γ
δφ(z)δφ(x2)
=
∫
d4z
δφ(x1)
δJ(z)
(
− δJ(z)
δφ(x2)
)
=− δ(x1 − x2) . (11)
Together with eq. (5), we can then determine the suscepti-
bility as the inverse of the second derivative of the effective
action, cf. [38],
〈δφ2〉 = − δ
2W
δJ(x)2
∣∣∣∣
J=0
=
(
δ2Γ
δφ2
)−1
. (12)
Next, we derive a relation for the three-point function
δ3W
δJ(x1)δJ(x2)δJ(x3)
=
∫
d4ud4v
(
− δ
2W
δJ(x1)δJ(u)
)
δ
δJ(x3)
(
− δ
2Γ
δφ(u)δφ(v)
)
δ2W
δJ(v)δJ(x2)
(13)
=
∫
d4ud4vd4w
δ2W
δJ(x1)δJ(u)
δ2W
δJ(x2)δJ(v)
δ2W
δJ(x3)δJ(w)
δ3Γ
δφ(u)δφ(v)δφ(w)
.
In the first step we have used that
∂
∂α
M−1 = −M−1 ∂M
∂α
M−1 , (14)
and in the second step the chain rule
δ
δJ(x3)
=
∫
d4w
δφ(w)
δJ(x3)
δ
δφ(w)
. (15)
We can then write down the third central moment of the
field φ as
〈δφ3〉 = −δ
3Γ
δφ3
(
δ2Γ
δφ2
)−3
. (16)
Differentiating once more with δδJ(x4) and using the same
identities as in (13), we can finally write down the expres-
sion for the kurtosis as
κ〈δφ2〉 = [〈δφ4〉 − 3〈δφ2〉2]
=− δ
4Γ
δφ4
(
δ2Γ
δφ2
)−4
+ 3
(
δ3Γ
δφ3
)2(
δ2Γ
δφ2
)−5
.
(17)
3 The chiral kurtosis in the quark-meson
model
As an example we calculate the kurtosis of the sigma field
in the quark-meson model, given by the Lagrangian
L = q (iγµ∂µ − gqσ) q + 1
2
(∂µσ)
2 − U(σ) , (18)
U(σ) =
λ2
4
(
σ2 − f2pi
)2 − fpim2piσ . (19)
with the light quark doublet q = (u, d) and the chiral
condensate σ which dynamically generates the mass of
the constituent quarks. This Lagrangian is also used as
the basis for the NχFD model. We can fix the coupling
constant g from the vacuum nucleon masses to g = 3.37.
The additional parameters are the pion decay constant
of fpi = 93 MeV and the pion mass mpi = 138 MeV.
The term proportional to σ accounts for the small explicit
symmetry breaking due to the finite current quark masses.
The self-coupling constant λ is related to the sigma mass
mσ = 600 MeV through λ
2 =
m2pi−m2σ
2f2pi
. More details can
be found in [39, 28].
This model is well studied and we can immediately
write down the mean-field effective thermodynamic poten-
tial as
Ω(σ) =
T
V
Γ [σ] = U(σ)−Ωqq¯(T, µ;σ) , (20)
Ωqq¯(T, µ;σ) = dqT
∫
d3p
(2pi)3
{
ln
[
1 + e−
Eq−µ
T
]
+ ln
[
1 + e−
Eq+µ
T
]}
, (21)
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with the degeneracy factor dq = 24 and the quasiparticle
energy Eq =
√
p2 +m2q. Note that here the quark chem-
ical potential with µ = µB/3 is used. We then evaluate
the kurtosis with the help of the derivatives according to
eq. (17) and show the result in fig. 1 for various values
of µ/T on the crossover side left of the CP in the corre-
sponding phase diagram.
4 Nonequilibrium chiral fluid dynamics
The starting point of the NχFD model is the quark-meson
Lagrangian from Eq. (18) with the thermodynamic po-
tential Eq. (20). In the full nonequilibrium dynamics, we
explicitly propagate the chiral order parameter with a
Langevin equation of motion, derived from the 2PI ef-
fective action [24]
∂µ∂
µσ + η∂tσ +
δΩ
δσ
= ξ , (22)
The damping coefficient η arises from the σ ↔ qq¯ reaction
and has been evaluated as
η =
12g2
pi
[
1− 2nF
(mσ
2
)] 1
m2σ
(
m2σ
4
−m2q
)3/2
. (23)
The stochastic noise term ξ is assumed to be Gaussian and
white, its width determined by the dissipation-fluctuation
relation
〈ξ(t,x)ξ(t′,x′)〉ξ = δ(x− x′)δ(t− t′)mση coth
(mσ
2T
)
.
(24)
To avoid unphysical dependences on the lattice spacing
[40], we introduce a correlation of the noise field over a
correlation length of 1/mσ. Hereby, the mass of sigma can
be determined as a function of temperature and chemical
potential equal to the curvature of the thermodynamic
potential in equilibrium,
m2σ =
∂2Ω
∂σ2
∣∣∣∣
σ=〈σ〉
. (25)
The locally equilibrated quark plasma acts as a heat
bath in which the field σ evolves. The local pressure of
this heat bath is given by
p(T, µ;σ) = −Ωqq¯(T, µ;σ) , (26)
allowing us to calculate the local net-baryon and energy
densities in the standard fashion as
n =
∂p
∂µ
, e = T
∂p
∂T
− p+ µn . (27)
As the total energy and momentum of the coupled sys-
tem of fluid and field are conserved, we obtain the follow-
ing expressions for the divergences of the ideal energy-
momentum tensor of the fluid Tµν = (e + p)uµuν − pgµν
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Fig. 2. Second (a), third (b), and fourth (c) cumulants of the
sigma field in a box with temperature linearly dropping from
160 MeV to 80 MeV (solid lines) compared to the equilibrium
susceptibilities (dashed lines). We clearly see a memory effect
in the evolution delaying the formation of dips and peaks in
comparison to the equilibrium values.
and the net-baryon current Nµ = nuµ with the local four-
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velocity uµ,
∂µT
µν = −∂µTµνσ , (28)
∂µN
µ
q = 0 . (29)
It is worth pointing out that the stochastic nature of the
source term on the right hand side of Eq. (28) constitutes
a stochastic evolution for the fluid dynamical medium.
5 Linear cooling in an isothermal box
We set up a cubic box of N3 grid sites to a global uniform
temperature and chemical potential of Tini = 160 MeV and
µini = 100 MeV, and subsequently let the system evolve
according to Eq. (22) with linearly decreasing the temper-
ature by hand and leaving the chemical potential constant.
We use T (t) = Tini − 10 · t, such that after a run time of
trun = 8 fm, we arrive at a final temperature of 80 MeV.
This roughly resembles, yet oversimplifies, the situation in
a heavy-ion collision at intermediate beam energies. Pre-
viously, a roughly linear decrease has been observed in a
central volume of the expanding medium using this model
[27]. Within the parameters of the model, the medium in
the box then evolves through the crossover transition to
the left of the CP. We extract the cumulants 〈δσ2〉, 〈δσ3〉,
and κ〈δσ2〉 from the simulation and compare them to the
corresponding susceptibilities according to Eqs. (12), (16),
and (17) as function of the normalized energy density e/e0.
From the results in fig. 2, we see that the shape of the
curves for the dynamical fluctuations follows the shape of
the susceptibilities, however, they are shifted to lower en-
ergy densities for about e/e0 = 1.0 to 1.5 as can be seen
from the position of the extrema. Furthermore, the re-
gion of criticality, where the cumulants become enhanced,
seems clearly extended over for a wider interval in the
energy density.
6 Cooling in an expanding medium
In this section, we present results from the evolution of the
cumulants of the sigma field in a hydrodynamic expansion
realistically resembling the stage of the expanding plasma
after the collision of two heavy nuclei in experiment. The
initial condition is given by an ellipsoid which is circular
in the x-y plane with a radius of 6.5 fm and and has an
extension of 4.5 fm in z-direction. Within this shape, an
initial temperature and quark chemical potential are given
with Tini = 160 MeV and µini = 130 MeV. These values
are smoothed at the edges by a Woods-Saxon distribution
to ensure an analytic transition to the vacuum. From Tini,
µini, the initial values for 〈σ〉, p, e, n are calculated at each
point on the numerical grid. The coupled system of fluid
and chiral field sigma is then allowed to evolve according
to the equations of motion (22), (28), and (29).
As in the previous section, we extract the cumulants
〈δσ2〉, 〈δσ3〉, and κ〈δσ2〉 from the evolution. Here, how-
ever, where we are facing an inhomogeneous medium, we
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Fig. 3. Second (a), third (b), and fourth (c) cumulants of the
sigma field for an expanding medium (solid lines) compared to
the equilibrium susceptibilities (dashed lines) which have been
calculated for the corresponding values of T and µ along the
trajectory of the expanding medium.
cannot simply collect the distributions of σ for constant
times but rather need to consider them on hypersurfaces
of constant energy density, ranging from e/e0 = 0.2 to
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4.0. The cumulants which are determined from these dis-
tributions are compared to susceptibilities according to
Eqs. (12), (16), and (17), see fig. 3 These susceptibilities
are calculated along the trajectories given by the time-
dependent volume-averaged values of T and µ in the cen-
tral region of the medium. In contrast to our observation
from the previous section, where we found a clear delay in
the buildup of the characteristic fluctuation signal in all
cumulants, here, the enhancement takes place in a region
from e/e0 = 1.5 to 3.5, compared to enhanced equilib-
rium fluctuations roughly between e/e0 = 2.0 and 3.0.
As we have demonstrated previously in [34], the kurtosis
of net-protons closely follows the sigma kurtosis during
the dynamical evolution at a crossover transition. This
has also been argued in [35] for the case of an equili-
brated system. The broadening of the critical region can
be ascribed to the inhomogeneity of the medium, the tem-
perature and chemical potential on the energy hypersur-
faces are not uniquely determined but subject to fluctua-
tions themselves. Therefore, fluctuations in an expanding
plasma may build up earlier, at higher energy densities
but also remain present for lower energy densities com-
pared to the thermodynamic susceptibilities. This is also
strengthened by the influence of memory effects which we
have shown to play the dominant role in the case of a
homogeneous medium with a uniform temperature and
chemical potential. We expect that this behavior increases
the chances of measuring observables which are influenced
by the critical region of the chiral phase transition.
7 Summary and Outlook
We have studied the behavior of fluctuations in the chi-
ral order parameter sigma both in equilibrium and in a
dynamically evolving medium. After deriving a general
expression for the second, third, and fourth cumulant of a
scalar field, we have applied our results to determine the
kurtosis of the sigma field in the quark-meson model. We
have seen a characteristic structure with a strong mini-
mum which becomes more enhanced the closer we get to
the CP. Then, we have compared these thermodynamic
susceptibilities to dynamically evolving cumulants as ex-
tracted from the evolution of the sigma field according
to a Langevin equation of motion in an isothermal heat
bath with linear cooling. Here, a clear delay in the buildup
of critical structures is observed. This behavior somewhat
changes when we consider a hydrodynamically expanding
medium which is self-consistently coupled to the chiral
field. This resembles a realistic situation present during
the expansion of the hot plasma in a heavy-ion collision.
In this setup, the enhancement of cumulants is found in
an extended region of energy densities compared to the
thermodynamic susceptibilities. The implication is clear:
Considering that the net-proton or net-baryon cumulants
follow the cumulants of the chiral field, we have an in-
creased possibility to observe interesting nonmonotonic
structures in observables of the beam energy scan pro-
gram or the upcoming FAIR and NICA experiments as
well as the BES II program at RHIC.
In the future, the NχFD model will be used to study
fluctuations and cumulants as function of the chemical
potential or beam energy to present an analysis related
to the BES program. We will also study the impact of
different kinematic cuts.
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